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Finite-dimensional colored fluctuation-dissipation theorem for spin systems
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When nano-magnets are coupled to random external sources, their magnetization becomes a random variable,
whose properties are defined by an induced probability density, that can be reconstructed from its moments,
using the Langevin equation, for mapping the noise to the dynamical degrees of freedom. When the spin
dynamics is discretized in time, a general fluctuation-dissipation theorem, valid for non-Markovian noise, can
be established, even when zero modes are present. We discuss the subtleties that arise, when Gilbert damping
is present and the mapping between noise and spin degrees of freedom is non–linear.
PACS numbers: 05.40.Ca, 05.10.-a, 75.78.-n
I. INTRODUCTION
For any system, in equilibrium with a bath, the
fluctuation-dissipation relation (FDR) plays an impor-
tant role in defining consistently its closure, since it re-
lates the fluctuations of the subsystem of the dynamical
degrees of freedom, that one is, by definition, interested
in, with the fluctuations of the degrees of freedom that
are defined as uninteresting and are lumped under the
term “dissipation”.
The essential reason behind this relation is that, for
equilibrium situations, it is possible to define a proba-
bility measure on the space of states, with respect to
which the average values, that enter in the FDR, can
be unambiguously computed. So this can be modified,
if the dynamical degrees of freedom are so affected by
the immersion in the bath, that they must be replaced
by others–the interaction with the bath leads to a phase
transition and the equilibrium measure is not unitarily
equivalent to the measure of the dynamical degrees of
freedom, in the absence of the bath.
While it is possible to address these questions by nu-
merical simulations, and reconstruct the density that
way, what has, really, changed in the last years is that ex-
periments of great precision, that probe both issues, have
become possible, particularly in magnetic systems1. It is
in such a context that the FDR has become of topical
interest 2–4.
In such systems, since the noise affects the magnetic
field, that makes the spin precess, it is not additive, but
multiplicative. While, already, for additive noise, the
issue of the “backreaction” of the dynamical degrees of
freedom on the bath is quite delicate, for multiplicative
noise it becomes even more difficult to evade and must
be addressed.
Further complications arise when the fluctuations are
colored, namely posses finite intrinsic correlation time5,6.
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In such a situation, no FDR has been unequivocally ob-
tained, that relates the intensity of the fluctuations to
the damping constant7.
In this note, we wish to study these issues in the con-
text of magnetic systems placed in random magnetic
fields, whose distribution can have an auto–correlation
time comparable to the time scale defined by the pre-
cession frequency. The aim of this communication is to
sketch out a route for establishing a FDR in a quite gen-
eral setting8, that will be shown to be consistent to previ-
ous results for magnetic systems, obtained in the limit of
white-noise fluctuations, and can be readily adapted be-
yond this context, especially for explicit calculations. A
remaining challenge is to obtain the stochastic equation,
that defines the mapping between noise and the dynam-
ical degrees of freedom, that are identified with the spin
components of a nanomagnet, and whose solution does,
indeed, describe a normalizable density for the spin con-
figurations.
II. GAUSSIAN APPROXIMATION
In order to better grasp the issues at stake, we shall
start with a finite number of dynamical degrees of free-
dom, sAn . The time index n runs from 0 to N − 1 and
will be identified with the evolution time instant, in the
continuum limit; the flavor index A runs from 1 to Nf
and labels “internal” degrees of freedom–it will label the
components of the spin. The summation convention on
repeated indices is assumed.
We assume that these dynamical degrees of freedom
are immersed in a bath. The bath is described by vari-
ables ηAn and is defined by the partition function
Z =
∫ Nf∏
A=1
N−1∏
n=0
dηAn e
−
1
2
ηAn FABD
nmηBm (1)
The matrix F acts on the flavor indices and the ma-
trix D on the “target space” indices–that describe the
instants in time. The white noise case corresponds to
taking Dnm = δnm/σ2. The simplest colored noise case
2corresponds to taking Dnm = δnm/σ2n, with not all the
σn equal. Furthermore, if it cannot be put in diagonal
form at all, then it describes higher derivative effects.
The average of a functional F of the variables ηAn is
then well defined as
〈F〉 =
1
Z
∫ Nf∏
A=1
N−1∏
n=0
dηAn F [η] e
−
1
2
ηAn FABD
nmηBm (2)
From this expression we may deduce the moments of the
degrees of freedom of the bath:
〈
ηAn
〉
= 0〈
ηAn η
B
m
〉
=
[
F−1
]AB [
D−1
]
nm
(3)
with the others deduced from Wick’s theorem. What
we notice here is that, for non–diagonal matrices, F and
D, the degrees of freedom of the bath that have well–
defined properties, i.e. the degrees of freedom that are
eigenstates of these matrices, are linear combinations of
the ηAn . So it makes sense to work in that basis. In this
context, the white noise limit corresponds to the case in
which D is the identity matrix–all components have the
same relaxation time. The colored noise case, then can
be identified as that, where D is not the identity matrix.
When we immerse a physical system in such a bath it
can happen that the eigenbases of the system and of the
bath do not match.
The map between the degrees of freedom of the bath
and the dynamical degrees of freedom is provided by
a stochastic equation. For instance, one consider the
Landau-Lifshitz-Gilbert equation s˙ = ω × s + αs × s˙ +
E(s)η, where the vielbein E contains both an antisym-
metric part ×s and at least an additional non-zero diag-
onal element. Because this vielbein is invertible, we can
express η as a function of s.
To illustrate the procedure, we start with the case of
linear equations:
ηAn = f
A
BC
m
n s
B
m (4)
Assuming that the matrices are invertible, we obtain the
change of variables (we shall study presently what hap-
pens when the matrices have zero modes)
sAn =
[
f−1
]A
B
[
C−1
]m
n
ηBm (5)
The Jacobian is a constant that can be absorbed in the
normalization of the partition function9, so we obtain the
partition function for the dynamical degrees of freedom,
Z =
∫ Nf∏
A=1
N−1∏
n=0
dsAn e
−
1
2
sA
′
n′
f
B
B′
FAB f
A
A′
C
n′
n D
nm
C
m′
m s
B′
m′ (6)
that defines the correlation functions–for the finite-
dimensional case the moments–of the dynamical degrees
of freedom. The 1–point function vanishes, 〈sAn 〉 = 0,
while the 2–point function is given by the expression
〈
sAn s
B
m
〉
=
[
[f−1Ff]−1
]AB [
[C−1DC]−1
]
nm
(7)
This is the FDR for the present case, that relates the
parameters, fAB and C
m
n , of the spin dynamics, with the
parameters, FAB and Dnm, of the bath.
III. WHEN ZERO MODES ARE RELEVANT
Let us now consider the case when the matrices fAB
and/or Cmn have zero modes, a case that is relevant for
the physical system studied in this paper.
The zero modes imply, quite simply, that we cannot
replace all of the ηAn by the s
A
n , since we cannot invert
eq. (4); we can, only, replace the non–zero modes. The
matrices f and/or C are not of full rank–but they surely
have positive rank, otherwise the stochastic map does
not make sense. When we replace the non–zero modes,
we shall generate quadratic terms in the sAn –but, since
we do not replace all of the ηAn , on the one hand there
will be mixed terms, while there will remain the terms
quadratic in the ηAn , that correspond to the zero modes.
When we integrate over the zero modes, the ηAn that we
could not express directly as linear combinations of the
sAn , we shall encounter Gaussian integrals over them that
contain terms linear in the zero modes and the sAn already
replaced. The result of these Gaussian integrations will
be quadratic contributions to the already present sAn , that
enter in the action with the opposite sign to their coeffi-
cients. The system will be stable, if these contributions
do not completely cancel the existing ones and will lead
to a modification of the FDR.
Let us see this in action. We shall take Nf = 3 and
fAB = ε
A
BCω
C , with ω a fixed vector in flavor space. In
the magnetic case it will correspond to the fixed part of
the precession frequency. We immediately remark that
fAB has one zeromode, along the vector ω. Since this
vector is fixed, without loss of generality, we may take it
to lie along the z−axis: ω = (0, 0, ω3).
The stochastic equation, eq. (4), takes the form
η1n = ω
3
C
m
n s
2
m
η2n = −ω
3Cmn s
1
m
(8)
We may replace these in the partition function for the
noise; but we must integrate over η3n separately. We re-
mark that they do not involve s3n, the component of the
dynamical degrees of freedom, parallel to the precession
vector.
If FAB = δAB, i.e. the spherical symmetry is imposed,
we immediately deduce that the integration over η3n de-
couples from the rest and just gives a contribution to the
normalization. The partition function for the dynamical
degrees of freedom, s1n and s
2
n, is given by the expression
Z =
∫ 2∏
A′=1
N−1∏
n=0
dsAn e
−
(ω3)2
2
sA
′
n′
[CDC]n
′m′sA
′
m′ (9)
There’s a subtle point here: the motion of the A′ =
1, 2 flavor components is a rotation, with precession
3frequency ω3, about the z−axis, so the combination,
(s1m)
2 + (s2m)
2 should appear–and it does. Therefore we
deduce the FDR for this case, that corresponds to Lar-
mor precession:
〈
sAn s
B
m
〉
=
(
ω3
)−2 [
C−1DC
]−1
nm
(10)
If the spherical symmetry is not imposed, in flavor space,
e.g. FAB = κδAB + λAB(1 − δAB), we would have had
terms linear in η3n, along with the quadratic terms and
additional contributions when we would have integrated
over the η3n.
IV. BEYOND THE GAUSSIAN APPROXIMATION
Now let us address the issue of non–linear stochas-
tic maps, also relevant for the Landau–Lifshitz–Gilbert
equation. Let us replace eq. (4) by
ηAn = f
A
(1)BC
(1)m
n s
B
m + f
A
(2)BCC
(2)ml
n s
B
ms
C
l (11)
In this case the Jacobian of the transformation, between
the degrees of freedom of the bath and the degrees of
freedom that describe the “interesting” dynamics, is not
a constant:
JABnk (s) ≡
δηAn
δsBk
= fA(1)BC
(1)k
n +
+
[
fA(2)BCC
(2)kl
n + f
A
(2)CBC
(2)lk
n
]
sCl (12)
This means that, if it is possible to neglect the zero modes
and the concomitant fluctuations in the sign of the de-
terminant, which is true in perturbation theory, the par-
tition function for the spin degrees of freedom is given by
the expression
Z =
∫ [
dsAn
]
detJABnk (s)e
−
1
2
ηAn (s)FABD
nmηBm(s) (13)
where the η(s) are defined by eq. (11). The expression
in the exponent contains terms that are quadratic and
quartic in the spin variables. The fluctuation–dissipation
relation can then be deduced from the Schwinger–Dyson
equations9,
Z−1
∫ [
dsAn
] ∂
∂sLk
{
sA1n1 · · · s
AI
nI
detJABnk (s) e
−
1
2
ηAn (s)FABD
nmηBm(s)
}
= 0 (14)
These relations can be used to generalize eqs. (10) and
express the fact that the spin degrees of freedom are in
equilibrium with the bath. The determinant can be intro-
duced into the exponent using anti-commuting variables,
that describe the dynamics of the bath9.
It should be stressed that, since the η(s) are polynomi-
als in the spin degrees of freedom, once the determinant
has been expressed in terms of anti-commuting fields,
there is a finite number of parameters that define the
dynamics and, thus, enter in the fluctuation–dissipation
relation. Indeed, if Dnm is not the identity matrix, which
means that the dynamics is not ultra–local in time, tun-
neling between configurations implies that the effects of
the determinant and it sign will be, inevitably and, thus,
implicitly, be generated by the dynamics, therefore it suf-
fices to sample the correlation functions by the action
of the spin degrees of freedom. The subtleties of the
dynamics are encoded in the relation between the noise
fields and the spins, so it is at that point that the zero
modes need to be taken into account. There are not any
issues of principle, involved, however, precisely because
the system is consistently closed10. How to sample the
correlation functions will be reported in detail in future
work.
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